Abstract: Disentangling the complexity of biochemical networks requires knowledge about the quantitative relationships between the individual components. However, the nonlinear dynamics of biochemical processes are difficult to identify with traditional identification methods. We therefore propose to model the complex nonlinear biochemical processes with several simpler systems (modes), together with a switching rule that determines which mode is active, i.e. with a hybrid system. We consider the example of a nonlinear biochemical oscillator, and propose a simple piecewise affine (PWA) approximation. Qualitative analysis shows that the PWA model is able to capture the dynamics of the nonlinear oscillator. Hybrid identification procedure is subsequently applied to identify the parameters of the PWA model.
INTRODUCTION
Deeper understanding of the functioning of biological systems is essential for explaining pathological phenomena. Molecular research has primarily been focused on the characterization of the individual components of the cell, such as genes and proteins. A system-level understanding of the biological complexity requires more than knowledge of the components alone; interactions between the various elements are considered to be of equal importance. Advances in accurate, quantitative experiments have been made during the last few years. To obtain insights into the functioning of biological processes calls for a different approach than generally applied intuitive reasoning (Kitano, 2002) . A good example is the recent unraveling of the complete human genome in the Human Genome Project (Venter, 2001) . The complete sequence is now available, yet little is known about how genes and their products cooperate in order to reproduce all cellular processes. The novel field of Systems Biology is therefore becoming increasingly important.
It simultaneously studies the interrelationships of all the elements in a biological system rather than studying them one at a time (Hood, 2003) and increasingly requires quantitative dynamical models. The goal of quantitative dynamical models is to test hypotheses with computational experiments, which can be later validated by in vitro and in vivo studies. Although mathematical modeling has increased our insight in several biological cases tremendously, it is limited to a few well-defined processes (e.g., Kohl et al., 2000; Op den Buijs et al., 2004) . However, parameter values of these biological models are generally unknown and parameter estimation is laborious, since these models are described by a large number of coupled nonlinear differential equations. Parameter estimation of mathematical models is difficult due to the nonlinearities. For example, a traditional nonlinear least-squares method requires a proper initial estimation of the parameter values to achieve convergence to the global minimum of the cost function. In practice, this is usually not feasible.
Another possible approach, adopted here, is to model a complex biological process by a number of simpler models (modes), together with a rule that determines when each of these simpler models is active (switching law). Such systems are called hybrid systems, as they contain interacting discrete and continuous dynamics. In the control community, hybrid systems attracted a lot of attention recently, and numerous results on modeling, analysis, verification and control synthesis appeared in the literature. Hybrid identification is in its infancy, but several methods appeared (Juloski et al., 2005) .
In biology, the use of hybrid models is an emerging field (Alur et al., 2002; Belta et al., 2001; Ghosh et al., 2002; Lincoln and Tiwari, 2004) . Applications are limited to specific processes with clear switching characteristics, such as genetic networks (De Jong et al., 2004) , signal transduction pathways , and opening and closure of membrane channels (Van Riel et al. 2005) . In contrary to these examples, we will apply hybrid system identification to biochemical processes that do not show 'hard' switching. The procedure starts with approximating the nonlinear model with a hybrid piecewise affine (PWA) representation (Sontag, 1981) . Subsequently, parameter estimation of the PWA model was performed by shifting the threshold, thereby minimizing the cost function of the estimation procedure. No initial estimation of the parameter values is needed with this method, unlike traditional nonlinear least-squares methods or the multiple shooting method (Bock, 1981) that require this information. Furthermore, the parameter estimation procedure requires considerably less calculation time than nonlinear least-squares, multiple shooting methods, and our previously proposed method with one-step ahead prediction (Van Riel et al., 2005) . A model of a biochemical oscillator was used as an example. The paper is structured as follows. In section 2 we introduce the class of hybrid models that will be used to approximate the nonlinear dynamics. In section 3 we present the model of the biochemical oscillator and the PWA approximation, together with the qualitative analysis and the identification results. Conclusions are presented in section 4.
HYBRID IDENTIFICATION PROCEDURE

Model class
We consider the following class of discrete time systems:
where , denotes the i -th component of the state vector
x , and the switching threshold . Functions and are assumed to be smooth nonlinear functions of the parameters
θ . System (1) is a bimodal hybrid system, where the currently active mode is determined by the value of one of the state components.
( J a All states are measured. We assume that both modes are excited in the dataset. The identification problem for the system (1) consists of determining values of parameters a , , 2 1 θ θ on the basis of measurements . The difficulty of the identification problem stems from the fact that the switching threshold is not known a priori.
Identification procedure of the hybrid model
For a given a we can define two se s of data: t
We consider the cost function J of the form:
Identification problem can now be formulated as:
Note that
J a θ θ is not continuous in a. Hence, minimization methods that require computation of the gradient of the cost function (i.e steepest descent) can not be applied. Also note that if the value of is known optimization problem (5) reduces to
which is a smooth nonlinear least squares problem, and can be solved (locally) for using classical methods. One way to solve (5) is by "gridding": we choose a set
for a, and solve (5a) for every value of in this set. We can choose a and .
The advantage of this method is that the optimal value of the parameter a can be always found with required precision, with a suitably chosen grid. The disadvantage is higher computational burden.
IDENTIFICATION OF A BIOCHEMICAL OSCILLATOR
Biochemical oscillator
A simple model of a biochemical oscillator was introduced by Goodwin (1965) , which describes the genetically regulated enzymatic conversion of a substrate into a product ( Fig. 1 ): , and n is the cooperativity coefficient. For , the Hill equation shows ideal relay characteristics. Eqs. 6 -8 describe a basic oscillator, but periodic cycles are only obtained for n > 8 (Fall et al., 2002) . This large value has been argued to be infeasible from a physiological point of view (Bliss et al., 1982) . Goodwin's model (1965) was therefore slightly modified by Bliss et al. (1982) . The latter assumed a low cooperativity coefficient (n = 1) and introduced enzyme-catalyzed degradation of the product, described by Michaelis-Menten kinetics (Michaelis and Menten, 1913) . This resulted in the following differential equations
with V 2 is the maximum rate of degradation of x 3 and 2 m K is the corresponding Michaelis-Menten constant. Note that the model of Goodwin (Eqs. 6 -8) contains a 'hard' switch (the relay function in Eq. 6), which was replaced by two 'soft' switches (the nonlinear terms in Eqs. 9 and 11) in the model of Bliss. Fig. 1 . Model of the enzymatic substrate conversion, as proposed by Goodwin (1965) . The first step is mRNA transcription from DNA, which leads to the formation of an enzyme. This enzyme catalyzes the conversion of a substrate into a product, which inhibits the mRNA transcription of the enzyme (bar). Note that the degradation of mRNA, enzyme and product are omitted from this graph. The degradation of the product was assumed to be enzyme-mediated (Bliss et al., 1982) . . Both PWA functions have the same switching threshold ( 3 x a = ) and consequently, the approximating PWA model has two modes: mode 1 and mode 2.
Piecewise affine model of the biochemical oscillator
The differential equations of the biochemical oscillator (Eqs. 9 -11) contain two nonlinear terms, i.e. 1
/( )
and V x . Both are monotone functions which asymptotically converge to a specific value; each term was replaced by two piecewise linear functions, as schematically explained in Fig. 2 . This leads to two different modes, with the switching threshold x 2 3 2 3 /( )
The mode with invariant x 3 < a was classified as mode 1, where production of x 1 is activate and the degradation of x 3 is relatively low. For x 3 > a, the production of x 1 is substantially reduced and x 3 degradation has become more significant; this mode was designated as mode 2. The corresponding continuous time PWA model is given by the following equations: 1  2  2  2  2  2  1  2  3  3  3  3   1  2  1  1   1  2  1  2  3  3 0 0 0 , 0 , 0 0 0 , 0 , is the switching threshold.
The superscript of the parameters refers to the mode number.
Qualitative phase plane analysis
The nonlinear biochemical oscillator (Eqs. 9 -11) contains a limit cycle for specific parameter combinations, which could be derived by system analysis (Thomas and Kaufman, 2001) . Since the nonlinear model is rewritten as a PWA model, the same oscillatory behaviour is not guaranteed for this simplification. Therefore one should verify whether the PWA approximation is still able to capture the same dynamics as the nonlinear system. A qualitative analysis in the phase plane was performed, by looking at the cross-section of the state space where . First, the isoclines of
1 and x 3 were determined from Eq. 12, as these state variables contain the nonlinear terms. The isocline for x 1 ( ) is given by
Computed isoclines are depicted in figure 3 , together with the sign patterns of 1 x & and 3 x & (thin gray arrows). As can be seen, a counter clockwise limit cycle (depicted by thick gray arrows) is feasible for the PWA model and, hence, should be able to capture the dynamics of the biochemical oscillator.
The simulated experiment
Piecewise affine model (12) was discretized using forward Euler approximation. To provide experimental data for the identification procedure, the nonlinear model (9 -11) was simulated over a time period of 150 time units. Within this period, 50 samples ( ) were collected for x 50 N = Table 1 .
Methods
The algorithm was implemented in Matlab 6.5.1 (The MathWorks, Inc., Natick, MA, USA) on an IBM compatible PC (1.4 GHz, 512 MB RAM) with Windows XP. Since the system was composed of two linear modes, a linear least-squares problem was solved with the command lsqlin.m of Matlab's Optimization Toolbox. The estimated parameters of the PWA model were collected in vectors 1 θ and 2 θ as follows: 2 2 2 2  2  1 1 3 3  1 2  2 3 [ , , , , , , , ]
The bootstrap method (100 iterations) was applied to determine the variance of these parameters. Average calculation time for the complete classification and identification procedure was ~ 1 min for 100 iterations. Fig. 4 . Results of the hybrid identification method for noise levels of (A) σ = 0 and (B) σ = 5.
Results
The experimental data of the simulated nonlinear biochemical oscillator with varying noise levels were classified and identified with the hybrid identification method and a traditional nonlinear least-squares technique. The results of the hybrid approach are displayed in Fig. 4 for σ = 0 and 5, the estimated parameter values for σ = 0, 1, 2.5 and 5 are listed in Table 2 . The classification of the data to mode 1 and mode 2 satisfies the expectations: the measurements are assigned to mode 1 for low x 3 values, whereas the other data belong to mode 2. Since a PWA approximation was applied, not all estimated parameter values could be verified with the original nonlinear parameters used in the model of biochemical oscillator, such as V 1 , V 2 , Km 1 , Km 2 . The estimated parameter values of k d1 , k 2 , k d2 and k 3 in Table 2 were for all noise levels in good agreement with the true parameter values in Table 1 .
CONCLUSIONS
In this paper, we considered an example of the nonlinear biochemical oscillator, and proposed a piecewise affine (PWA) approximation. Qualitative analysis of the PWA model showed that the model is able to capture the oscillatory behavior of the original nonlinear system. Hybrid identification procedure was subsequently used to identify the parameters of the PWA model. For the identification procedure we assumed that all states could be measured, which is not always the case. In addition, the parameter estimation in this paper was already carried out for a relatively small sample number, but should be tested for even smaller data sets. In the future, it needs to be verified whether parameter values of the PWA approximation could be used for estimating the parameter values of the original nonlinear system, e.g. V 1 , V 2 , 1 m K and 2 m K in our example. We will also investigate the potential of hybrid approximation for the more complex biological systems. 
